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We formulate a two-party communication complexity problem and present its quantum solution that exploits the entanglement between two qutrits. We prove that the entangled state can enhance the efficiency of solving the problem over any classical protocol if and only if the state violates Bell's inequality for two qutrits [1] .
PACS Numbers: 3.65 Bz, 3.67 -a, 42.50 Ar Entanglement is not only the most distinctive feature of quantum physics with respect to the classical world as quantitatively expressed by the violation of the Bell's inequalities [2] . It also enables powerful computation [3, 4] , establishes secure communication [5, 6] and reduces the communication complexity [7] [8] [9] [10] [11] all beyond the limits that are achievable on the basis of laws of classical physics.
To date only very few tasks in quantum communication and quantum computation require higher-dimensional systems than qubits as recourses. Quantum-key distribution based on higher alphabets was shown to be more secure than those based on qubits [12] . A certain quantum solution of the coin-flipping problem uses qutrits (3-dimensional quantum states) [13] and the quantum solution of the Byzantine agreement problem utilizes the entanglement between three qutrits [14] .
In this paper we formulate a two-party communication complexity problem and present its quantum solution which makes use of the entanglement between two qutrits. We also prove that the entangled state of two qutrits can enhance the efficiency of solving the communication complexity problem studied here, over any classical protocol if and only if the state violates Bell's inequality for two qutrits, derived recently by Collins et al. [1] .
In 1979 Yao [15] introduced the topic of communication complexity. Since then various variants of the communication complexity problems were considered. In the one analyzed in this paper two separated parties (Alice and Bob) receive some input data. They know only their own data and not the data of the partner. Alice obtains an input string x and Bob obtains an input string y and the goal is for both of them to determine the value of a certain function f (x, y), while exchanging a restricted amount of information between them. While an error in computing the function is allowed, the parties want to compute the function correctly with as high probability as possible. An execution is then considered successful if the value determined by both parties is correct.
In classical communication complexity, one also considers situations where before they start the protocol Alice and Bob share an additional random strings of bits. For some functions, such random strings can reduce the communication complexity [7] .
In 1997 Buhrman, Cleve and van Dam [10] considered a specific two-party communication complexity problem of the type given above. Alice receives a string x = (x 0 , x 1 ) and Bob receives a string y = (y 0 , y 1 ). The string of Alice and of Bob is each a combination of two bits values: x 0 , y 0 ∈ {0, 1} and x 1 , y 1 ∈ {−1, 1}. Their common goal is to compute the function (this is a reformulation of the original function introduced in [10] )
with as high probability as possible, while exchanging alltogether only 2 bits of information. Buhrman et al. [10] showed that this can be done with a probability of success exceeding P Q = 0.85 if the two parties share two qubits in a maximally entangled state, whereas with shared random variables but without entanglement (i.e. in a classical protocol) this probability cannot exceed P C = 0.75 with the same amount of communication of 2 bits. Therefore in a classical protocol 3 bits of information are necessary to compute f with a probability of at least 0.85, whereas with the use of entanglement 2 bits of information are sufficient to compute f with the same probability.
There is a link between tests of Bell's inequalities and quantum communication complexity protocols. Bell type inequalities are bounds on certain combinations of probabilities or correlation functions for measurements on multi-particle systems. These bounds apply for any local realistic theory. In a realistic theory the measurement results are determined by "hidden" properties the particles carry prior to and independent of observation. In a local theory the results obtained at one location are independent of any measurements or actions performed at space-like separation. The quantum protocol of the two-party communication complexity problem introduced in [10, 11] is based on a violation of the ClauserHorne-Shimony-Holt [16] inequality. Similarly three-and multi-party communication complexity tasks were introduced [10, 11, 17] with quantum solutions based on the GHZ-type [18] argument against local realism. We now formulate a two-party communication complexity problem. This two-party problem is of a different kind then the standard one described above. Rephrasing the standard communication complexity problem one can say, that the two parties try to give a correct answer on a question posed to them in as many cases as possible and under the constraint of restricted communication between them. Yet, there are certain situations where under the same constraint not a single but two questions are posed to the parties, and where they have an interest to answer correctly to one question and incorrectly to other one, both at the same time and in as many cases as possible.
Formally the two questions will be formulated as a problem of computation of two three-valued functions f 1 and f 2 . The two parties will need to maximize the probability for computing a correct result of f 1 , and at the same time, to minimize the probability for computing a correct result of f 2 (or equivalently to maximize the probability for computing an incorrect result of f 2 ), while exchanging only a restricted (each party sending one trit) amount of information.
Let us propose a further motivation for such a task. In the case of three-valued functions one can formulate two types of questions: (a) what is the actual value of a given function (in our example of f 1 ), or (b) what is an exemplary wrong value of a given function (in our example of f 2 ). The answer to each question can be encoded in one trit. Note a fundamental difference with the case of two-valued functions. In the latter case by pinpointing the wrong value one immediately unambiguously defines the right one. This symmetry is broken for three valued functions. A one-trit message revealing a wrong value does not reveal the right one. One may wonder whether tasks like (b) ever appear in life. In many of the European TV networks one can watch a quiz usually called "Millionaires". The player there should answer multiplechoice questions, but if he/she does not know an answer, then once in the game is allowed to use a rescue measure. He/she can ask the computer to eliminate some, but not all, wrong answers. This is exactly a task like the one for Alice and Bob here in the case of function f 2 . Pinpoint a wrong value, without revealing the right one [19] .
We now introduce our two-party communication complexity problem in detail and we give the functions f 1 and f 2 explicitly.
• Alice receives a string x = (x 0 , x 1 ) and Bob receives a string y = (y 0 , y 1 ). Alice's string is a combination of a bit value x 0 ∈ {0, 1} and a trit value
roots of unity; we choose these numbers for mathematical convenience).
• The task of Alice and Bob is to maximize the difference between the probabilities for correct computation of the following two functions
while exchanging only 2 trits of information.
In the following we will show that if two parties use a classical protocol the difference of the probabilities for correct computation of the two functions introduced above is 0.5, whereas, if they use two entangled qutrits this difference can be as large as 1/4+1/4 11/3 0.729.
Note, that the first term x 1 · y 1 in the full functions f 1 and f 2 results in completely random values if one of the inputs x 1 or y 1 is random and the other is fixed. Obviously this is not the case for the second terms in the full functions and the inputs x 0 and y 0 . Since both parties are allowed to send 1 trit of information only, the best protocol from the point of view of communication complexity is that Alice "spends" her trit in sending x 1 and Bob in sending y 1 and then to guess the second terms of the full functions.
In Table 1 we give possible values of the functions x 0 ·y 0 and 2−x 0 −y 0 , which are in the exponents of the second term of the functions f 1 and f 2 respectively. Inspecting this table we note that in 3 of the 4 cases of possible input combinations of x 0 and y 0 the product x 0 · y 0 is equal to 0. This means that to maximize the probability for correct computation of f 1 the best possible procedure for Alice and Bob is to agree beforehand that x 0 · y 0 = 0 and then that Alice sends her trit x 1 to Bob and Bob his trit y 1 to Alice. Then they both can calculate f 1 with the highest possible probability of P C = 3 4 of success. Since however at the same time they want to minimize the probability for correct computation of f 2 the best possible procedure for them is to agree beforehand that either 2−x 0 −y 0 = 2 or 2−x 0 −y 0 = 0 (because in both cases the result occurs just once in Tab. 1.) The two parties obtain the correct result for f 2 with the lowest possible probability of P C = 1 4 . Therefore the maximal achievable probability difference for correct computation of f 1 and f 2 is P C −P C = 1 2 in a classical protocol. One may wonder whether Alice and Bob can do the task even with higher probability of success if instead of exchanging trits x 1 and y 1 they exchange the trits c(x 0 , x 1 ) and d(y 0 , y 1 ) which are some functions of their inputs (x 0 , x 1 ) and (y 0 , y 1 ), respectively. Somewhat lengthy but otherwise straightforward calculation shows that this is not possible and thus the simple protocol given above is optimal.
We now show how Alice and Bob can exceed the classical limit if they initially share entangled qutrits. This is achieved by the following procedure.
• If Alice receives x 0 = 0, she will measure her qutrit with the apparatus which is set to measure a treevalue observable n 0 . Otherwise, i. (the Bell numbers first introduced in [20] ). The actual value obtained by Alice in the given measurement will be denoted by a, whereas the one of Bob's as b.
• Alice sends trit y 1 ·a to Bob, and Bob sends trit y 2 ·b to Alice. At this point each party can determine the trit y 1 ·y 2 ·a·b, which is equal to f 1 with probability P Q and to function f 2 with probability P Q (see the calculation below).
We now calculate the probability P Q that the product a · b of local measurement results is equal to e i 2π 3 (x0y0) in the procedure given above:
where e.g. P n0,m1 (ab = 1) is the probability that ab = 1 if Alice measures n 0 and Bob m 1 (after she receives x 0 = 0 and he y 0 = 0). Here we also assume that all four possible combinations for x 0 and y 0 are distributed with the same prior probability of 4 . Similarly the probability P Q that product a · b is equal to e i 2π 3 (2−x0−y0) is given by
Finally, one notices that the probability for success in the task is given by
where I 3 is exactly the Bell expression derived by Collins et al. [1] (the right-hand side of Eq. = (y0, y1) . Depending on the value of x0 Alice chooses to measure between two different three-values observables n0 and n1. Similarly depending on y0 Bob chooses to measure between three-values observables m0 and m1. Alice's result of the measurement is denoted by a and Bob's one by b. In the last step of the protocol Alice sends the trit y1 · a to Bob and Bob sends the trit y2 · b to Alice.
However this description and the one with the complex roots of unity which is used here are equivalent. Collins et al. [1] showed that I 3 ≤ 2 for all local realistic theories. This implies that within a local realistic model one has
Yet, as we showed above, 0.5 is also the maximal possible value for the probability difference in a classical protocol for the communication complexity task. Furthermore, our result also implies that even if the two parties additionally share (classically) correlated random variables the maximal possible value for the probability difference in a classical protocol cannot exceed the bound of 0.5 which is obtained for a local realistic model. The reason for this is that a classical protocol can only exploit local realistic models and thus its probability of success is always bounded by those models.
We therefore prove that the necessary and sufficient condition for the state of two qutrits to improve the probability of the success in our communication complexity task over any classical protocol is that the state violates the Bell inequality for two qutrits.
It was shown in Ref. [21] that a non-maximally (asymmetric) entangled state of two qutrits that reads: |ψ = 9149. This implies that with the use of this particular entangled state the probability difference P Q − P Q in our protocol can be as large as 0.729. Therefore in a classical protocol, even with shared random variables, at least 3 trits of information are necessary to complete the task successfully with probability at least 0.729, whereas with the prior quantum entanglement 2 trits are sufficient for the task with the same probability. Note that the discrepancy between the probabilities of success in the best possible classical and the quantum protocol is higher here than in the two-party communication complexity problem of Ref. [10] mentioned above. Here we have P Q − P Q − (P C − P C ) = 0.23 whereas there P Q − P C = 0.1.
We note that one can formulate a standard communication complexity task which is an immediate generalization of the problem given in Buhrman et al. [10] . The input data distributed over Alice and Bob are the same as in the problem given above and the task is only to maximize the probability for correct computation of function f 1 . Since this can be considered just as a first part of the task introduced above the highest possible probability of success in a classical protocol is P C = 3 4 . The connection with the violation of a Bell's inequality is established through equation P C = I 2 /4, where I 2 is another Bell expression (Eq. (4) multiplied by 4) introduced in [1] . For all local realistic theories I 2 ≤ 3. Therefore all quantum states of entangled qutrits which violate this Bell inequality lead to higher then classical success rate for the task, if used in the quantum protocol as described above.
We also note that a series of similar specific but less natural two-party communication complexity tasks can be formulated with quantum solutions which exploit the possibility of two arbitrarily high-dimensional quantum systems to violate the corresponding Bell inequalities of Ref. [1] .
In summary, we formulate a two-party communication complexity problem whose quantum solution exploits the entanglement between two qutrits. We prove that the necessary and sufficient condition for a quantum state of two qutrits to improve the probability of success in the quantum protocol over any classical one is that the state violates the Bell inequality for qutrits.
As noted in Ref. [14] one may question whether the use of qutrits is necessary for any quantum information task, because qutrits can be teleported with help of singlets and classical communication. Hence it seems that our protocol could also be built solely on qubits. Yet this is not the case for the communication complexity problems considered here. The reason is that such problems are considered under a constraint of a restricted amount of communication between parties. Hence any additional communication which is required by the teleportation procedure would make such conditions impossible to meet.
One may also ask whether the exclusive use of the states which violate Bell's inequalities is necessary for the problem. It is well known that there are cases of "hidden non-locality" [22] where a non-separable quantum state initially does not directly violate a Bell inequality but after local operations and classical communication such a violation occurs. Hence it seems that the quantum protocol could also be built on (distillable) non-separable states. Yet again this is not the case because such a transformation always requires additional communication between parties.
Therefore one can interpret our work as a further example suggesting that the violation of Bell inequalities can be considered as a "witness of useful entanglement". This was first coined and suggested in [23, 24] (2002) (2003) .
